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Abstract

We report on our development of a computational tool for the simulation of micro powder injection moulding (micro-PIM) based on a description
of the fluid flow by the smoothed particle hydrodynamics (SPH) method. The feedstocks used in micro-PIM expose rather complicated rheological
features. Insertion of appropriate material models is discussed, as, e.g., the yield stress behaviour. Insight is gained into the moulding process
through simulation of the injection into a bending specimen with an obstacle in the flow as an example. The effect of shear induced migration is
shown to be reproduced and compared to the segregation phenomena arising in experimental findings.

© 2011 Elsevier Ltd. All rights reserved.
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1. Introduction

Besides the silicon-world of MEMS (micro electro mechani-
cal systems), a great need exists for micro-structured polymers,
metals, and ceramics. The application areas range from DNA
analysis instruments in life science over biocompatible materi-
als for medical applications to a variety of electronic devices for
sensors and actuators. Micro powder injection moulding (micro-
PIM) ! is a popular process for the micro-structuring of pure
polymers or polymeric feedstocks with ceramic or metallic par-
ticle load. In order to reduce production costs there is a need for
predictive process simulation.

There are a variety of finite element(FE)-based simulation
approaches.>3*367 A comparison of commercially available
codes can be found in the work of Bilovol et al.} Usually, their
disadvantage is the difficulty in handling free surfaces and large
deformations. A meshless modeling is presented in Bernali et al.
9 for a Hele—Shaw flow in fluid injection in cavities.
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On the other hand, particle-based approaches are able to
deal with free surfaces and large deformations easily. Instead of
meshing the domain, these methods subdivide the material itself
into small portions (“particles’) which are allowed to move rel-
ative to each other. In this work we apply the method smoothed
particle hydrodynamics SPH %1112 to the simulation of the
micro-PIM process.

The simulation of casting with SPH was already successfully
performed.!314 Here, we have to apply this method to materials,
which are rheologically more complex. Therefore, we focus on
two major effects occuring in the micro-PIM process leading
to a high risk of failures or defects: the critical yield stress of
the used feedstocks and the shear induced segregation of the
embedded powder particles.!>16-17

Kwon and Park '8 considered the yield-stress in their filling
simulations by extending the viscosity model and discovered a
considerable effect on the clamping force. Alexandrou et al.'”
made a thorough analysis of inertial, viscous and yield-stress
effects for a 1:5 expansion flow. For this geometrical set-up
the biggest influence on the flow pattern that can be ascribed
to the presence of a yield-stress was observed for Reynolds
numbers larger than unity. In micro-PIM, the Reynolds num-
bers are generally smaller than unity. Nonetheless, in Section
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7, we will be able to reproduce a complex filling pattern of the
micro-PIM process by implementing a yield-stress model in the
SPH-simulation.

For the injection moulding of powder filled feedstocks, a
homogeneous distribution of powder particles is crucial in order
to avoid cracks, porosity or distortions in the produced parts.?°
The extremely high shear rates of up to 10° s~ in micro-PIM
may lead to powder binder segregation. This may lead to non-
homogeneous binder extraction during the debinding step or to
an anisotropic shrinkage during the sintering step resulting in
cracks or deformations. Barriere et al.,? accounted for segrega-
tion in a FE-simulation by implementing a two phase model.
In this work, we present a SPH-based approach describing the
powder concentration as an internal degree of freedom. To this
end we briefly discuss the respective equations of motion for the
feedstock to be applied. The SPH discretisation of these equa-
tions of motion will be summarised together with a discussion
of the boundary conditions for all degrees of freedom and their
fluxes. A model for yield stress materials and for shear induced
powder migration will be explained together with its tests and
its application to relevant micro-PIM problems. For both cases
the results are compared with experimental findings.

2. Governing equations of motion

The basic equations used for the description of the micro-
PIM-process are the continuity equation for the density p

where v is the velocity field vector, and the incompressible
Navier—Stokes equation

dv VP 1
—=——+-V-(nVy) 2
dr p P

both given in a Lagrangian reference frame, with pressure P and
viscosity 7.

Notice the differences to the usual underlying equations of
motion for finite element simulations: (i) For SPH, we require a
description in the Lagrangian material frame of reference instead
of the fixed in space Eulerian frame. (ii) Eq. (1) allows for den-
sity fluctuations instead of assuming strict incompressibility.
(iii) In Eq. (2), incompressibility is approximated by a weakly
compressible equation of state”!
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where y =7, pg is a reference density and Py = c?,oo /v, with
the speed of sound ¢, chosen large enough so that density fluc-
tuations remain small.

3. SPH discretisation

The basis of SPH is the interpolation idea that an arbitrary
function f (r) of the position r may be expressed by 111

fo)= /f ()W (r—r')adr %)

where W (r — r’) is an interpolation function with finite support
and its volume-integral is normalised to unity.

Given (4) a so-called finite interpolation method is introduced
by replacing the integral by a sum over a finite set of points
or “particles” distributed in space and f (r) is replaced by the
particle-centred value f;, i.e.,

fi= Z%fjwij 5)
J

where m; is the mass of the particle and p; its associated
local density. Additionally, W;; = W, (r;;) with rjj=r;—r;,
and where r; and r; are the positions of particles i and j, respec-
tively, and the width r, of the interpolation function is of finite
size.

Eq. (5) can be applied to directly compute the local density
p; around a particle i to read

pi = ijwij (6)
J

Note that the finite size of r, makes the sum over j similar
to the procedure applied in molecular dynamics, weighting the
contributions of the neighbouring particles j to the interpolation
within a cutoff radius .

In order to represent derivatives like, e.g., (V f); needed for
the discretisation of (1) and (2), we apply (4) and (5) and integrate
by parts to get

(V) = Z%f,-v Wi )
j J

To compute the evolution of the densities p; of the SPH-
particles we discretise the equation of motion (1), i.e.,

pi = ijvij VWi = —ijvij - Tijwij ®)
J J

where we have set v;j=v; — v; and VW;; = —r;;w;;. In contrast
to (6), this allows to simulate free surface flow.2! The surfaces
will be approximated to be stress-free. This, in combination with
the equation of state (3), defining an initial reference density
po for each particle, results in a vanishing pressure at the free
surface. The discretisation of the pressure gradient term in Eq.
(2) reads

(VP), P, Pj
— =ij -+ | VWi )

This expression is anti-symmetric and therefore conserves
linear and angular momentum exactly.
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The discretisation of the viscous term in the momentum equa-
tion (2) reads??

1 A wij
{pv ) (nVV)} — _E ij wjj vij. (10)
l' .
j

Ni +Nj piPj
This form takes care of strong local jumps in 7.

4. Boundary conditions

Three types of boundaries are important: solid walls, inflows,
and free surfaces of the material. For all boundary conditions at
solid walls it is assumed that there is a layer of so-called bound-
ary particles. This layer is situated outside of the domain of
interest. It has a thickness of one support r. of the used interpo-
lation kernel, i.e., the layer is built such that all created particles
have at most a distance of r, to the closest wall segment. The
implementation of viscous forces near solid walls and near free
surfaces have to be considered. For walls a no-slip condition is
implemented by applying the technique of Morris et al.2* which
was extended to arbitrarily shaped mould wall geometries.* At
free surfaces of the feedstock a stress free boundary condition
is assumed.

We assume a no-slip condition even though slip at the walls is
likely to occur.?® The simulation results shown later show that
the yield model leads to a reduction of the effective viscosity
close to walls and to a slip effect which is very similar to the one
of an explicit slip-layer model.!® Nonetheless, the additional
effect of slip on yielding and segregation should certainly be
investigated in more detail in the future. Further experimental
results not shown in this work, indicate that the yield stress
effect presented here, also occurs in situations where slip may
be definitely excluded.

For particle methods, inflow conditions for moving particles
into non-periodic domains are usually realised by a reservoir
and either a piston or a force representing gravity. The reservoir
must contain enough particles in order to be able to fill the actual
domain of interest which is initially empty. A computationally
more efficient approach is briefly described in the following
(details may be found in Kauzlari¢>*):

For the case of a constant inflow velocity initially, a regular
layer of SPH particles is created. The particles are assigned the
velocity vj, in inflow direction. The thickness of the layer in the
inflow direction must be at least one kernel support .. Initially,
these fluid particles move with their assigned constant velocity
and do not interact with their neighbouring SPH particles. In the
simplest case of a cubic lattice, with a layer of thickness r, after
a time-period T = r./vi, a new row of SPH particles is created.
During their initial motion with the constant velocity vj,, the
SPH particles pass a virtual barrier from which on they behave
like usual SPH particles and exchange mass and momentum with
their neighbours.

Besides the computational efficiency, a second advantage of
this approach is that, in contrast to a piston, it indeed represents
a constant inflow condition. Hence, the SPH-simulations can be
easily compared to mesh based simulations where these kinds
of boundary conditions are standard.

5. A model for yield stress

An important characteristic of most polymer-powder com-
pounds is the observation of a critical yield-stress. Below
this threshold, the material experiences no plastic deformation.
Therefore a yield-stress model is implemented into the SPH-
framework in this section.

Many powder-filled feedstock systems possess high viscosi-
ties leading to Reynolds numbers Re < 1, especially for micro
parts with small dimensions.! For this regime of Reynolds num-
bers, no matter whether yield-stress is considered or not, the
so-called “mound-filling” pattern is observed for a 1:5 expan-
sion flow in Alexandrou et al.'®. But this does not permit the
conclusion that the presence of a yield-stress is generally irrele-
vant for low Reynolds numbers. The motivation for including the
yield-stress effect into the simulation of micro-PIM is the exper-
imentally observed undesirable splitting effect in a channel with
a cylindrical obstacle presented in Section 7.1.

5.1. Viscosity regularisation

Arigorous mathematical description of a yield-stress material
is the Bingham model 2%27. It states that

T .
T=(no+;>v, T>T1 (11

v=0, <7 (12)

where Tandy = Vv + (Vv)T are the extra-stress and strain rate
tensors, respectively, and

/1 /1
T = E’TZT, Yy = 5'\'/:'\'/, (13)

represent the corresponding second invariants. The plastic vis-
cosity of the yielded material is denoted as ng.

This model strictly separates the material into a liquid domain
with apparent viscosity 1, = no + 7y/y and a solid domain.
Both domains are separated by the yield-surface defined through
the points ry where 7 (ry) = 1.

To overcome the difficulties for unsteady flows and complex
geometries due to the divergence of n, for y — 0, the discon-
tinuity of the Bingham model and the interdependence of the
yield-state and the velocity field, several modifications have been
proposed that are continuous and applicable to both the yielded
and unyielded domain simultaneously 32°. The basic idea of all
these models is to replace Eq. (12) describing the solid domain
by an expression for the stress 7 in terms of a large viscosity. In
this work the bi-viscosity model by O’Donovan and Tanner?? is
used which approximates Eqgs. (11) and (12) by

‘[7 . . .
T= (770 + ;) Y. V> ve (14)
T=n0Y, V=<V (15)

Still, the stress is piecewise defined, but now, in terms of a
critical shear rate y.. The viscosity ny=ano approximates the
behaviour of the unyielded material, where a = 1 + 7, /(¥:10)
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Fig. 1. Steady state solutions for Poiseuille flow with the bi-viscosity model for
two different resolutions of 8 and 16 particles in the cross-section of width 2 mm.
For comparison the velocity profile for the Newtonian case is shown as well.
The symbols represent the simulation results, while the purpose of the lines is
to guide the eye.

should be large enough or equivalently, y. should be small
enough.

For the SPH-discretisation we have to take care since the vis-
cosity is now a function of the shear rate y. Since it is in the nature
of yield stress materials that yielded and unyielded domains are
in close contact to each other, the effective viscosity can change
rapidly in space. Therefore, the viscous interaction (10) is used,
which allows for large differences in the transport coefficients
n; and n;, in contrast to simpler discretisation approaches.!?

We test the SPH-discretisation of the bi-viscosity model in a
simulation of pressure driven Poiseuille flow between two par-
allel plates with a distance of 2 mm. The obtained steady state
velocity profiles are shown in Fig. 1 for the two resolutions of 8
and 16 particles in the cross-section. For comparison, the New-
tonian velocity profile for a resolution of 16 particles is also
plotted.

The steady state solution is a partially yielded material. Due
to the large difference in the viscosities of the yielded material
and the unyielded material, the velocity profile in the unyielded
domain is virtually flat as it should be for both resolutions. Just
the transition zone between the yielded and the un-yielded mate-
rial shows a curvature due to the smoothing properties of the
SPH-discretisation and since the bi-viscosity model extends the
ideal yield surface to a yield region.

6. A model for shear induced powder migration

Segregation will be described by a continuous mean parti-
cle density ¢. This description will be correct as long as we
may assume that a small fluid volume represented by one SPH-
particle contains many powder particles. The validity of this
assumption is a consequence of the used micrometer sized pow-
ders in micro-PIM.

We have chosen to implement the diffusive flux model by
Philips et al.’" into the SPH framework. This model is based
on two diffusive fluxes J. and J, of a mean concentration of
suspended particles ¢. J. includes the migration mechanisms

due to local variations in the collision frequency of the suspended
particles and reads
Jo = —Ded?¢V($7) = —Dea* @’V + $7V9) (16)
since variations in the collision frequency are caused by con-
centration gradients V¢ and variations in the shear rate Vy. D,
is a diffusion constant and a is the particle diameter making the
diffusion constant dimensionless. The diffusion constant has to
be fitted experimentally and is therefore an empirical parameter.
In addition a spatially varying viscosity due to a spatially
varying particle concentration can lead to an effective particle
flux as well. The corresponding flux reads

on
J, = —D,y¢* ( )a¢v¢ 17)

where D), is an empirical dimensionless rate constant.
Using both migration mechanisms the conservation equation
for the volume fraction ¢ becomes

e m -

o V-Je+Jyp) (18)

The expression V - (¢v) covers the convective transport of the
suspended particles.

Instead of discretising Eq. (18) directly, it is more convenient
to use the equation of motion for the volume V4 = ¢/p occupied
by powder particles, where we have set the mass to m=1m*
for simplicity, i.e., to the unit of mass m* used in the simu-
lation. The discretised equation for Vi will be antisymmetric
under exchange of fluid particles, which means exact volume

conservation. Applying the SPH-discretisation formalism leads
t014

Vg, = —Dcazzﬁiwi + ) @iTi — b))
J

i P j
dn
-0 (5 (s)
! Z pip; ndg /;
. of dn
+v;¢; ) (i — ¢)) 19)
For the dependence of the viscosity on the volume fraction
we assume the Krieger rheological model®! which is
¢ —C
ne) = no(l - ) , (20)
Pm

specifically with a saturation volume fraction of ¢,, =0.68 and
a scaling factor of ¢ =1.82. These values have been determined
experimentally for hard spheres.3? For a vanishing particle con-
centration the fluid has the reference viscosity 7¢. The derivative
with respect to ¢ becomes

lon c

—— = 21
nop  ¢m—¢ @b



A. Greiner et al. / Journal of the European Ceramic Society 31 (2011) 2525-2534 2529

6.1. Verification

The model is verified through computation of the concentra-
tion profile for Poiseuille flow to test the coupling to the flow
field and to serve for a comparison to experimental results.

We analyze the migration of powder particles in pressure-
driven Poiseuille flow between two parallel plates. The full set
of equations is computed, i.e., the time evolution of the velocity
field is coupled to the evolution of the powder concentration (18)
by the concentration dependence of the viscosity (20) and the
dependence of the fluxes J. (16) and J;, (17) on the shear rate y.

We choose dy =250 pm as the width of the cross-section in
x-direction. This width corresponds to the experimental setup
for which measurements from computer tomography (CT) are
available.

The velocity component vy, is driven by a constant pressure
gradient py=1.28 MPa/cm which is implemented by applying
an equivalent body-force on each SPH-particle in the periodic
flow direction. The specific value depends on the resolution of
the discretisation.

The particle diameter is taken to be a=9 pm, the constant
D.=1.17 x 10? is chosen such that the time constant for reach-
ing steady state is as small as possible and the ratio is D, / D, =
0.6454. The latter allows to compute an analytic solution for the
steady state concentration profile for comparison.3’

The simulation domain is discretised by SPH-particles which
are initially at rest on a cubic lattice. The cross-section in
x-direction is discretised with two different resolutions of 9
and 19 SPH-particles. For 19 particles, the viscosity range of
approximately [7(¢o), 10007 (¢p9)] allows for a timestep of
Ar=6.60 x 10712 ps.

The simulation is performed in 3D with periodic bound-
ary conditions in the flow direction y and in z-direction. The
x-direction is confined by solid boundaries. For the velocity
no-slip boundary conditions are applied at the walls. For the
concentration ¢» we assume that there is no flow across the bound-
aries. This is realised by forbidding any exchange of ¢ between
the SPH-particles representing the liquid and the SPH-particles
representing the solid walls.

Fig. 2 shows the profiles of the powder concentration, the
velocity and the shear rate for steady-state. The analytic solution
for the concentration is plotted as well.

Basically one can observe that the solid migrates to the centre
of the channel and that the velocity profile is blunted. The latter
is due to an increased viscosity in the centre because of the larger
solids concentration. Consequently, the characteristic shear rate
y is no piecewise linear function anymore as it would have been
for a parabolic velocity profile. As a consequence there is a back
coupling of the powder migration on the flow behaviour. This
shows that it is crucial to add the degree of freedom ¢ describing
the powder concentration. By just estimating the powder migra-
tion from the shear fields it is not possible to account for its
effect on the rheology.

A comparison of the computed concentration with the ana-
lytic solution shows that the computed result does not fully reach
¢ = ¢, =0.68 at the peak. The reason is the smoothing of the SPH
interpolation. As a consequence, due to mass conservation, the

0.68 —
S
5 0.6
£
=
15}
51
=
5 — analytic solution
$&—€ 19 and SPH-particles
GO 9and SPH-particles
045 ‘
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Fig. 2. Steady state powder concentration for Poiseuille flow. Along with the
analytic solution the top graph shows the computed powder concentration for
discretisations with 9 and 19 SPH-particles in the cross-section. The bottom
graph shows the computed profiles of the flow velocity and the shear rate. The
symbols represent the values of the corresponding SPH-particles while the lines
are for guiding the eye.

concentration at the walls is larger than ¢ =0.45 as would have
been expected from the analytic solution. It can be seen that
the error decreases when increasing the resolution from 9 to 19
particles in the cross-section.

6.2. Poiseuille flow vs. CT-measurement

In order to compare with the experiment we choose 1o =33.2
Pas, ¢, =0.794 and ¢=0.714 for the Krieger model (20). One
obtains a “mean” viscosity n (¢) = 100 Pas, where ¢ = 0.625
and the pressure gradient p, accelerates the SPH-particles to a
velocity of the order of centimeters per second (cf. Fig. 2), which
is a realistic value for the micro-PIM process. The values for
@, ¢m, c=0.7014 and n ($) have been obtained from viscosity
measurements.'’ The remaining simulation parameters are kept
the same as in Section 6.1.

Fig. 3 shows the transient evolution of the powder concentra-
tion as obtained from the simulation and, below, a measurement
of powder segregation by computer tomography (CT). Here, a
polyethylene/wax based feedstock with a steel powder (average
particle diameter 6.6 wm) was used. The large particle diameter
was necessary for the CT. The compounding and the feedstock
properties are well described in Refs. [15,32].

In the simulation, steady state of the velocity profile is reached
after 1~ 1.98 s =300t* where t* &~ 6.6 ns is the unit of time of
the simulation. The concentration profile reaches steady state
after 1~0.99 ps. Fang and Phan-Thien®? observed that the
velocity equilibrates faster. In the simulations presented here,
the equilibration of ¢ was boosted by purpose by choosing large
constants D, and D,,.

Segregation starts close to the walls and propagates towards
the centre where, around ¢=7t* a cusp starts to grow. Around
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Fig. 3. (Top) Transient evolution of the powder concentration for Poiseuille
flow. The time is given as multiples of the time unit t* = 1000A7=6.6 ns. The
graph on top shows the evolution of the concentration profile until the steady
state is reached at 1~ 300t*. The results were obtained with 19 SPH-particles in
the cross-section. The symbols represent the values of the corresponding SPH-
particles while the lines are for guiding the eye. (Bottom) CT-measurement of
powder segregation.!”

t=16t* the profile has certain similarities with the experimental
results !7 shown in Fig. 3 below. This indicates that steady state
might never be reached during the micro-PIM process, i.e., the
longer the channel, the larger the segregation. This implies that
a quantitative reproduction of the experiment in terms of correct
time scales requires a reduction of the absolute values of D, and
Dy, in the simulation.

In contrast to the one-dimensional profile obtained from
the simulation, the CT-measurements were performed for a
quadratic cross-section. In addition, the flow situation in the
experiment is not as well defined as in the simulation. The first
reason is that the injection gate is relatively close to the location
of the measured cross-section. Additionally the flow-history of
the material before taking the CT-snapshot is not well known,
including the time, the material experienced considerable shear
rates leading to the observed segregation.

Nonetheless a qualitative comparison between the simulation
and the centre-line of the quadratic cross-section is possible. For
a quantitative comparison and a quantitative determination of the
coefficients D. and D,,, the timescales of the flow history must
be determined. The exact ratio D./D;, can be determined by the
measurement of a quasi-stationary situation, which is admit-
tedly difficult for the micro-PIM process. Pressing the feedstock
through long capillaries and measuring the concentration profile

6 mm

—

—
Vin = 14.5 cm/s

Fig. 4. Geometry considered for the filling simulation. The feedstock is assumed
to enter the domain with a constant uniform velocity vi.

for cross-sections at different locations along the length might
deliver the required results.

It is worth to mention, that a peak close to the centre of a rect-
angular channel was observed as well in CT-measurements. 7 It
is too early to start to interpret this as the peaks observed in the
Phillips model and it is worth to enlarge the amount of measured
CT-data in order to be able to make assured statements which go
beyond the proof that migration in a channel is directed towards
the centre.

We wish to strongly emphasise that Fig. 2 shows a steady-
state situation for r — oo which will never be observed in the
experiment. For a comparison with the experiment, the interme-
diate profile from Fig. 3 should be considered, which is quite
close to the measurements. The intermediate profiles usually
show a weaker segregation than the steady state. Nonetheless itis
significant. An even better quantitative agreement was obtained
by optimising the ratio of the Phillips parameters D. and D,
which is shown elsewhere.3*

7. Case studies

We present two case studies in this section, one applying
the yield-stress model, and one applying the powder migra-
tion model, respectively. Section 7.1 shows the reproduction
of the experimental observation which was the motivation for
the incorporation of a yield-stress model, namely the splitting
of a feedstock filling a channel with a cylindrical obstacle. Sec-
tion 7.2 illustrates the effects of powder segregation in a mould
geometry of complex shape.

7.1. Yielding around a cylinder: experiment and simulation

The relevance of the inclusion of a yield-stress model and
the qualitative correctness of the chosen approximation by an
effective shear rate dependent viscosity is demonstrated by
reproducing an observation from micro-PIM experiments. The
relevant characteristics of the geometry are shown in Fig. 4.

Fig. 5(a) and (b) visualise the filling pattern for two different
powder concentrations of the used feedstock by images of parts
resulting from partial filling.!” The feed rate was kept constant at
V =4 cm?/s in both experiments. The details of the feedstock
are given in Ref. [32].

The temperature of the feedstock was 140°C. The tempera-
ture of the mould in the experiment was set to 50°C 3, while the
simulation was isothermal at the feedstock temperature. This is
most likely the explanation for the detachment of the feedstock
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Fig. 5. Application of the yield-stress model from Section 5 to the filling of a geometry with cylindrical obstacle. Figures (a) and (b) show the experimentally obtained
filling patterns for feedstocks with a powder concentration of 40 vol.% and 55 vol.%, respectively. Total mould volume: V = 2.4 cm>. Feed rate: V. = 4 cm?/s.
Figures (c) and (d) show the simulations with a small and a large effective yield-stress, respectively. Blue SPH-particles indicate yielded material with low effective
viscosity while red particles indicate unyielded material with large effective viscosity. (For interpretation of the references to color in this figure legend, the reader is

referred to the web version of the article.)

from the mould wall as observed in the experiment but not in
the simulation (cf. Fig. 5), where it would have to be modelled
by more complex boundary conditions. The detachment of the
feedstock from the mould wall seems to be an effect of the cool-
ing down of the feedstock. Preliminary experimental results for
a mould wall temperature equal to the feedstock temperature of
140°C do not show any detachment but still the splitting effect
at the cylindrical obstacle.

While an intuitively expectable shape is obtained for a powder
concentration of 40 vol.%, a permanent splitting of the flow front
is observed for a powder concentration of 55 vol.%.

Note that this large variation of solid content was indeed pos-
sible for the used feedstock. At both powder concentrations, the
feedstock was well characterisable and the mould filling under
the chosen process parameters was possible. Of course the mate-
rial properties of the produced part may be very different. But
here, the only purpose of the large variation of the powder con-
centration was the comparison of mould filling experiments with
the results of the filling simulations of the yield stress model.

It is known from measurements that the yield stress of the
feedstock increases with the powder concentration.!” Hence, in
Fig. 5(b) the fraction of unyielded material might have increased
leading to the observed change in the filling pattern.

This hypothesis is tested by SPH-simulation and by applica-
tion of the yield-stress model from Section 5. We concentrate on
the yielding behaviour of the material since we believe it to suf-
fice for the explanation of the observed splitting effect. Therefore
additional shear-thinning of the feedstock at large shear rates is
ignored.

The experimental results presented in Fig. 5(a) and (b) basi-
cally show a 2D-effect. Therefore it is legitimate to reduce the
simulation to a 2D-problem as shown in Fig. 4. The total width
of 6 mm is resolved by 24 SPH-particles in order to obtain a
resolution of at least eight SPH-particles for the 2 mm gaps.

The inflow condition is approximated by a constant inflow-
velocity of the SPH-particles, i.e., by a Dirichlet boundary
condition vj, = 14.5 cm/s = const. on the left boundary of the
rectangular 2D-domain (cf. Fig. 4). The velocity vj, is chosen
as in the experiment.

The upper and lower boundaries represent walls of the mould
geometry. Additionally there is a cylindrical obstacle in the cen-
tre of the channel, and a wall far-off at the right end. At all walls
we assume a no-slip condition v,, = 0 even though slip at the
walls is likely to occur.?> The simulation results in Fig. 5(d)
show that the yield model leads to a reduction of the effective
viscosity close to walls and to a slip effect which is very similar
to the one of an explicit slip-layer model.'3

For low shear rates, the flow viscosity of the used feedstock
is of the order of ng=1000 Pas.!7 Therefore, assuming a shift
of the effective viscosity of three orders of magnitude for the
modelling of the unyielded regime requires a maximum viscosity
of 775 = 109 Pas for the simulation.

For a width of 42~ 250 pm, 7,, and the mass density p =3200
kg/m® we can estimate the allowed integration time step Af to
be of the order of 10~!! s. For a process time of the order of
hundreds of milliseconds, this leads to unacceptably long simu-
lation times for the currently applied time-integration algorithm.
The algorithmic optimisation is beyond the scope of this work.
Therefore, we solve this problem with a scaling argument as
follows.

For the size of the two dimensional system regarded here,
At>107% s is still acceptable in order to get computing times
in the order of hours on a single processing unit. In terms of
the Reynolds number Re = pvd/n, we get Re(ny) ~ 10~ and
Re(no)~ 1074, Tt can be expected that, as long as we remain
in the laminar flow regime, increasing the Reynolds number
should not spoil the yield-effect we wish to observe. Increas-
ing Ar by five orders of magnitude to the feasible Ar=10"Cs
gives Re/(nj)) ~ 10!, which is still in the range of laminar
flow. This can be achieved by decreasing the viscosities to
1y = 1072 Pasand n, = 10 Pas. Hereby we preserve the ratio
ns/Mmo = 1y/np = 1000.

The bi-viscosity model (15) is used with these two effec-
tive viscosities as the parameters for the description of the
unyielded and yielded domain. Two simulations are performed
where the critical shear rate describing the transition between
the unyielded and the yielded domain is set to . = 0 s~! and
7e = 0.9 s~ respectively. The latter was estimated by moni-
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Fig. 6. Segregation in a complex geometry. (a) Test geometry for the simulation of the injection process. (b) Solids load in an early stage of the mould filling. (c)

Solids load in a later stage.

toring the shear rates of the first simulation with y. =0 s~!,
i.e., of the completely Newtonian liquid with n=const.. For
7e = 0.9 s7!, a coexistence of yielded and unyielded domains
should be observed.

Fig. 5(c) and (d) shows the resulting flow patterns for y,. =
0 s~!'and y. = 0.9 s, respectively. Blue SPH-particles pos-
sess a low effective viscosity close to 7, while red particles
represent domains with large effective viscosity closer to 7. In
(d), the expected coexistence of yielded and unyielded domains
can be observed. Simultaneously, the flow pattern changes con-
siderably and is in accordance with the experimental findings
shown in figures (a) and (b). This effect may also coincide with
segregation phenomena as the binder segregation will be higher
in the high shear regions and thus the tendency to yield in these
regions is higher. Hence, combining the yield stress model and
the powder migration model, should be a next step following the
work presented in this paper.

In Fig. 5 (d) one can observe that the yielded regime is very
narrow and concentrated to the regions close to the walls of the
mould where the highest shear rates occur. The shear planes have
less viscous contact close to the walls leading to a slip-like effect.
As a consequence the bulk material slides along a quasi slip-
layer. In the interior of the bulk material the shear planes have
a strong viscous contact leading to an almost negligible inte-
rior deformation. The viscous contact between the shear planes
in the Newtonian case in figures (a) and (c) is more homoge-
neous. Therefore, the observed filling pattern corresponds to the
one observed for Newtonian liquids. The introduction of shear
thinning is expected to lead to only minor deviations from the
Newtonian behaviour because the change of the viscosity is less
steep than in a yield-stress model.

One might argue that the observed one-particle layer in Fig. 5
(d) could as well be a numerical artifact. Two facts support the
result is physical. First, it was observed that increasing the par-
ticle resolution, increases the number of particles in the layer.
Second, near the cylinder, i.e., at the region with the largest shear
rates, the yielded layer with low viscosity gets thicker, even for
the given low resolution. Examining directly the shear rates (not
shown here) also shows reasonable values. The value of the vis-
cosity is just the consequence of the values of the shear rate.

Nonetheless, more detailed convergence studies by varying the
particle resolution would be useful.

For the flow pattern observed in Fig. 5 (d) a coexistence of
yielded and unyielded material is essential. The recommenda-
tion to the process engineer is therefore to avoid such a flow
situation, at least for the presented geometry. In practice this
means to either increase the shear rates by increasing the feed
rate, or to reduce the critical yield-stress by decreasing the pow-
der concentration. An optimal compromise has to be found
because, on the other hand, increasing the feed rate will lead
to a larger segregation of the solid fraction (cf. Section 6) while
a lower powder concentration complicates the debinding and
sintering processes.>® Modifications of the binder chemistry can
help to optimise the rheology without changing the solids load.!”

7.2. Segregation in a complex geometry

As a more complex application of the powder migration
model from Section 6 we consider the simulation of injection
moulding into a test geometry as depicted in Fig. 6(a). We con-
centrate on the region marked by the dashed rectangle. The arrow
indicates the gate of the mould geometry and the flow direction.

Fig. 6(b) is a snapshot of an early stage of the injection. In
this stage, the velocity field in the volume directly behind the
gate is still inhomogeneous, i.e., there is a strong shear field. The
distribution of the solids load indicates an aggregation at convex
corners (i.e., pointing into the mould material) and a decrease at
concave corners (i.e., pointing into the cavity). This is intuitively
understandable since the shear rate in the proximity of convex
corners should be lower than in the bulk of the geometry. On the
other hand, concave corners are regions of large shear rates.

In later stages of the filling, the flow in the volume close
to the gate becomes more homogeneous and directed towards
the two arms at the top and the bottom. In these arms strong
shear rates occur since they are very narrow. The effect can be
seen in Fig. 6(c). The concentration in the part of the entrance
volume behind the two arms is rather homogeneous and large.
The concentration in the front part is a few percent lower since
this is the region where the feedstock is still flowing towards the
arms and undergoes shearing motion. Inside the arms the average
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concentration is even lower. This indicates that a larger fraction
of the solid particles prefers to stay in the entrance volume where
shear rates and flow velocities are lower. Additionally, the solids
load has a maximum in the centre of the arms as already observed
earlier for flow in a channel.

It should be noticed that, in the presented simulations, we did
not consider full or partial solidification of the material. This is
the reason why the inhomogeneities from Fig. 6(b) are able to
disappear or are replaced by other types of inhomogeneities. If
the material solidified at least partially in the entrance region,
e.g., in the right part, the inhomogeneous solids load would be
frozen in. In the worst case, all observed inhomogeneities could
occur simultaneously, eventually leading to cracks or deforma-
tions during the sintering step.

8. Summary and discussion

An SPH-framework was developed which allows to simu-
late the injection process of micro powder injection moulding
(micro-PIM). As shown, the simulations are not limited to aca-
demic problems but can be performed in arbitrarily complex
geometries. For this purpose, boundary conditions used in SPH
have been generalised to be applicable in a domain which is
bounded by flat arbitrarily arranged wall segments. In addition,
an efficient inflow boundary condition was developed which
omits the usage of large particle reservoirs and pistons.

Two major effects in micro-PIM, effects due to an inherent
yield stress and shear induced powder migration were investi-
gated. A yield-stress material was modelled by means of the
bi-viscosity 2® approach.

The simulations successfully reproduce partially yielded
steady state velocity profiles as well as an experimental obser-
vation of splitting in a channel with cylindrical obstacle.

Shear induced powder migration was incorporated by means
of Phillips’ diffusive flux model.>® This model was discretised
by formulating an SPH-equation of motion for the occupied
volume V, with exact pairwise conservation properties. The sim-
ulations correctly predict powder migration to regions with the
lowest shear rates. For injection moulding into complex geome-
tries the simulations help to predict an accumulation of the
solids fraction at convex corners (pointing outside of the cavity)
and a depletion at concave corners (pointing inside the cavity).
For a quantitative matching of the transport coefficients D, and
D,, of the Phillips model we suggest CT-measurements of the
powder-concentration for well defined geometries such as long
capillaries.

This work has focussed on two crucial effects, namely, yield-
ing and segregation. We have certainly not presented a complete
model for the whole process. Further investigations should com-
bine the yield-stress model and the powder migration model
into one simulation to observe combined effects. For this pur-
pose, experimental data from Ref. !7 should be incorporated that
relates the yield stress directly to the powder concentration. In
addition, slip and freezing at the walls should be considered. The
latter is likely to suppress the segregation phenomena slightly
but not totally, as we see from the experiment, which shows
strong demixing at the walls as well. For the yielded material,

the bi-viscosity-model with its constant viscosity is of course
too simple and shear-thinning should be added on top of the
yield-stress model to make the rheological behaviour more real-
istic. But it was already tested that shear-thinning alone cannot
reproduce the observed splitting effect. Also the Phillips model
for powder migration is the simplest which one can take and cer-
tainly it has its practical and mathematical flaws, for example a
cusp in the steady state that, in the form observed in the Phillips
model, is unphysical, but, in a rounded form, may be realis-
tic. There are numerous improvements of the Phillips model
37,38,39.40.41.42 that can be implemented in our SPH-model if
needed. But it is by far more important to investigate this need
by producing more experimental data first.
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